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Abstract. Lithology volumetric estimation was performed from samples of drills using three-dimensional geostatistical
techniques. Monte Carlo simulations were performed to test the accuracy and influencing factors. Next, procedures were
applied to a case study related to the environment. The simulation results show that estimates obtained via block Kriging
can be relatively accurate. The case study in this research was challenging, given the quantitative limitations of information
collected in the area. However, block Kriging proved to be consistent and feasible, and observed the model’s assumptions.
It also offers the advantage that, after obtaining data from the drills, all necessary computational tools are available for free.
A computer code was developed in the R program for mapping 3D and calculation of volumes of lithology. These results
open precedents for future research using other geostatistical techniques, such as Indicator Simulation, Spatio-temporal
Analysis, or even co-Kriging, correlating the lithologies with variables related to environmental contamination by
pollutants. In the study area, the lithological profiles of piezometer wells revealed that the vadose zone was composed
predominantly of sandy-clay material. The soil classified as sandy clay may have been associated with free aquifers. This
sandy-clay material totaled around 2.67% of the study area, with a volume of approximately 596 240 m3. The classified
material, such as silty clayed sand and sand, which seemed to predominate in the saturated zone, represented about 14.31%
and 13.1%, respectively. In this case, the volume estimated for each lithology was around 3 189 280 m3 and 2 916 384 m3,
3
respectively. The highest prevalence was sandy clay with 61.8% of the region’s volume, which is about 13 795 264 m .
3
Finally, the silty sand represented about 8.2% of the total, with an estimated volume of 1 836 672 m .
Keywords: lithology, Monte Carlo simulation, block Kriging.

1. Introduction
The use of geostatistical modeling in geological studies has become increasingly common due to the accuracy of
estimates provided and measurements of the uncertainties
associated with these estimates. Nevertheless, taking into
account only the analysis of categorized or categorical variables, in the case of lithologies (soil types), there are few
studies involving geostatistical techniques. In the specific
case of applying Kriging to estimate lithologies,
Rosenbaum, Rosen & Gustafson (1997 apud Oliveira &
Rocha, 2011) probably conducted the first study on this issue.
Most studies involving a geostatistical approach to
geological variables have comprised estimates of mineral
resources and reserves for economic viability plans in mineral exploration. This is justifiable, since the theory of
regionalized variables and Kriging were formulated, by
Krige and Matheron (Matheron, 1982) in the 1950s, with
these objectives in mind. However, in recent decades, geostatistical modeling methodology has also become applicable in analyses aimed at estimating and minimizing

environmental impacts caused by the exploitation of natural and mineral resources.
One of the primary environmental concerns for authorities and the population of most industrialized countries
pertain to the contamination and pollution of drinking water reservoirs, as this may result in serious public health
problems. According to Queiroz (2003), groundwater pollution is more worrying than surface water pollution, as the
former water type does not renew as quickly as the latter.
The vulnerability of groundwater to contamination by pollutants depends on several factors, among which are the
presences of ground lithology in the aquifer.
Several consolidated methods for assessing the vulnerability of aquifers to pollution, such as GOD,
DRASTIC, and SINTACS, consider the lithology as a factor of influence, with fairly significant weights (Aller et al.,
1987). Thus, three-dimensional (3D) mapping of lithologies reveals important information about their format and
their locations in the area studied. Oliveira (2008) demonstrated the use of a Kriging indicator in creating geological
models based on estimates of lithologies.
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Analyses of this type are generally intended to associate certain lithologies with the presence of substances or
materials of interest, such as minerals, gas, and oil. This
principle of relationship between lithology and certain objects can be seen as analogous to vulnerability studies and
the measurement of environmental impacts, which can relate lithologies in the region with potential pollutants, such
as nitrate, ammonia, etc.
The purpose of this study is to analyze the applicability of geostatistics, highlighting Kriging combined with a
3D block model (block Kriging) and the volumetric estimate of lithology with drill samples. Thus, in order to assess the methodology regarding volumetric estimates for
underground objects, Monte Carlo non-conditional simulations were used. Then, 3D geostatistical modeling techniques were applied using actual sample surveys for
mapping the lithologies in the studied area. Finally, volumetric estimates were conducted for rock types found in the
study area, particularly materials that made up the potentiometric surface, using the proposed methodology.

2. The Study Area
The study area is located on the river Capitão Pocinho, next to its springs, in the Citropar I and Citropar II
farms, and in the village of Capitão Pocinho. Both sites are
in Capitão Poço County, in the northeastern region of Pará,
Brazil (Fig. 1). According to Araújo (2011), the area has an
urban-rural setting, with a land area of approximately
1.2 km2, and is located 160 km from the state’s capital

(Belém-PA). Its geographical coordinates are 1°49’58.9” S
and 1°49’22.4” S, and 53°12’7” W and 53°11’27” W. Figure 1 shows a map of the State of Pará, with the location of
Capitão Poço County and the satellite image of the study
area with the location of monitoring wells.
The geology of the study area is predominantly composed of tertiary sediments of the Barreiras and PostBarreiras Group, and alluvial quaternary sediments. The
Barreiras Group consists of yellow-reddish, medium-tocoarse sandstones, with poorly sorted pebbles that are friable and rusty; cream-yellow sandstones with a fine average
particle size; well-selected, compact, white mudstone levels of iron oxide stains; and black-gray mudstone.
The Post-Barreiras unit consists of sandy clay, unconsolidated sediments, with little levels of ferruginous sandstone pebbles. The recent sediments are unconsolidated,
typical of organic clays with plant debris and bioturbation,
and layered with silts and fine sands, with thicknesses ranging from millimetric to centimetric. These deposits occur
along the major rivers and smaller tributaries, being in
greater proportion in the vicinity of artificial dams, which
form floodplains. The hydrogeological profile of the study
area is shown in Fig. 2, which also shows the presence of
suspended unconfined aquifers.

3. Material and Methods
Information on the lithology of the study area was
collected via 15 monitoring wells, with a motorized mechanical probe MB1 (Honda engine 01 HP) coupled to an

Figure 1 - Geographical location of Capitão Poço County, including a satellite image of the study area and location of monitoring wells
(extracted from Araújo, 2011).
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Figure 2 - Hydrogeological profile across the channel of the Capitão Pocinho River, on the north-south axis (extracted from Araújo,
2011).

excavator auger with a four-inch diameter. Samples were
collected every meter drilled in the 15 wells within the
study area, or when there was a change in lithotype. This
material was homogenized, divide into quarters, packed in
polypropylene bags (NBR 7181), and sent for sieve analysis (Araújo, 2011).
The lithology attribute in areas not sampled can be estimated through the application of geostatistical methods.
Kriging is a generic geostatistical name adopted for a family of regression algorithms based on least squares using a
linear regression estimator Z*(u) given by:
n (u )

Z * ( u) - m ( u) = å l a ( u)[ Z ( u a ) - m ( u a )]

(1)

a =1

where la(u) is the weight assigned to each observed value
Z(ua) located within a particular neighborhood Z*(u) centered on u location. The weights la(u) are chosen to minimize
the
estimation
or
variance
error
2
*
under
the
condition
of
a
s E ( u) = Var[ Z ( u) - Z ( u)]
non-bias estimator. These weights are obtained by solving a
system of linear equations known as the Kriging system.
A detailed presentation of the mathematics involved
in these equations can be found in geostatistical textbooks
such as those by Isaaks & Srivastava (1989) and Goovaerts
(1997). The differences between the various types of
Kriging reside in the model considered for the tendency
m(u) in Eq. 1. Simple Kriging (SK) considers the average
m(u) that is known and constant throughout the study area,
while the ordinary kriging limits the average stationary domain in the local neighborhood W(u) and wherein, unlike
SK, the average is unknown (Goovaerts, 1997). Uncertainty can be modeled on the unknown value z(u) from the
conditional cumulative distribution function (ccdf),
F(u;z|(n)).
The value of this function is determined by a number
of cut-off values zk discretizing the variation range of z:
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F( u; z k | (n)) = Prob{Z ( u) £ z k )| (n)} k = 1, ... K (2)
Nonparametric geostatistical estimation of the conditional cumulative distribution function values is based on
the interpretation of conditional probability (Eq. 2). As the
conditional expected value of a variable indicator I(u;zk)
based on n observed data,
F( u; z k | (n)) = E{I ( u) £ z k )| (n)}

(3)

where I(u;zk) = 1 if Z ( u) £ z k and zero otherwise. The values of ccfd are estimated by ordinary Kriging of transformed indicative data. In the case of qualitative data, the
information is related to a categorical attribute such as type
of lithology, with two categories. In this case,
ì1 if z( u i ) = z cat
I ( u a ; z cat ) = í
î 0 otherwise

(4)

where a = 1,..., N (number of observations).
Thus, I(ua;zcat) is the variable indicator of zcat category. Implementing the indicator approach involves choosing the set of cutting values, K, so that the range of values of
variable z is divided into K + 1 classes with approximately
equal frequencies. For each cutoff value zk, indicative experimental semivariograms data is calculated, given by
(Goovaerts, 1997).
g$ I ( h; z k ) =

1 N (h )
å [i(u a ;z k ) - i( u a + h; z k )]2 (5)
2N ( h) a =1

where N(h) is the number of data pairs within a given class
separated by vector h (distance and direction). The higher
the value of g$ I ( h; z k ), the less connected in space are the
values of a given category.
The semivariogram is the main geostatistical tool for
spatial variability analysis, and the main objective is to
quantify the spatial variability of available samples in order
to detect any spatial relationship. Although many applica-
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tions of semivariogram analysis are limited to two dimensions, the analysis can be readily extended to 3D. Matheron
(1982) deduced a theoretical relationship to g(h). One of the
most-used semivariogram models is referred to as the
spherical model, and is expressed mathematically, in general terms, as
ì
æ 3a a 3 ö
- 3÷
ïC 0 + C ç
g( h) = í
è 2h 2h ø to 0 < h < a
ï C + C to h ³ a
î 0

B

(6)

where C0 is the inherent random variability of the samples
at zero distance, referred to as the nugget effect. The distance at which the samples become independent of one another is represented by a, referred to as range. The constant
semivariance where the values of g(h) are leveled at distances greater than a is represented by sill (C0 + C), where C
is referred to as spatial variance or semivariogram.
This model’s parameters are determined interactively
through fitting of theoretical models to the analysis’ results
of the semivariogram sample. The resulting model, assuming that the samples are representative, is a measure of spatial variability of the variable under study.
Since the uncertainty about the unsampled value has
been modeled using an indicative approximation, an estimate of this unknown value can be obtained from the conditional cumulative distribution function. The mean
estimated conditional distribution, known as the E-type of
z(u), is defined as,
K +1

z( u) *E » å z ¢k [ F * ( u; z k |(n)) - F * ( u; z k -1 |(n))]

(7)

k =1

while the conditional variance of the conditional cumulative distribution is obtained by,
K +1

s 2 ( u) » å [ z ¢k - z( u) *E ] 2
k =1

(8)

´[ F * ( u; z k |(n)) - F * ( u; z k -1 |(n))]
where zk, k = 1,... K are the cutting values that discretize the
variation band of z, and the z ¢k value is the mean of the
(zk-1 – zk), which depends on the interpolation model used
within classes. For example, for the linear model z ¢k =
(zk-1 + zk)/2.
To estimate values for 3D regions, block Kriging is
used. The blocks are subdivisions of a larger block that encompasses the entire area of study. According to Catarino
(2009), the size of the blocks can be uniform or may be
variable, considering factors such as the spacing between
the boreholes.
Analyses were performed using gstat software implemented in the R environment (R Development Core Team ,
2005). The procedures were performed in sequential steps,
including, in this case, data validation of boreholes, exploratory analysis, construction of the experimental semi-
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variogram, and semivariogram modeling, determination of
the support (block size), application of block Kriging and
visualization (mapping) in three dimensions, and finally estimation of the volume of lithology (Isaaks & Srivastava,
1989). The volume of the determined lithology of interest
or any of the K classes are estimated by,
V$ ( z k ) = å {I [$zV* ( u b ; z k )] ´ V ( u b )}

(9)

b

where z$V* ( u b ; z k ) is estimated by block Kriging for block b
and V(ub) is the block’s b volume, while, as per Isaaks &
Srivastava (1989)
ì1, if zV* ( u b ; z k )
ï
*
*
ï = max[( zV ( u b ; z1 ), zV ( u b ; z 2 ), ...,
*
(10)
I [ z$V ( u b ; z k )] = í
*
ï zV ( u b ; z K )]
ï 0, otherside
î

4. Analysis and Discussion of Results
To verify the consistency of the proposed methodology, an empirical method of measurement of errors through
Monte Carlo simulation was developed. This simulation includes all stages of the volume estimation process, from
drilling sampling, through the geostatistical methods, and
finally the volume estimation, since the objective is to detect problems that may occur in the use of geostatistics in
borehole studies.
The computational implementations were all subsidized using free software, i.e., the graph and statistical environment R (version 2.15.2) used in implementing the
simulation and its application to the collected data, with the
addition of gstat packages (variogram, Kriging, and inverse
distance weighting [IDW]), lattices (three-dimensional
maps), and rgl (iterative graphics).
During the simulation process, a sphere was initially
generated, which is the basic shape from which to estimate
the volume. Even though a spherical shape is unlikely in
lithological materials, this form was adopted as it is a
closed and defined geometric shape, which enables accurate calculation of the estimate deviation. The radius of the
sphere is defined as 30 m centered on a cube with a thickness (x), width (y) and depth/height (z) equal to 100 m, representing the entire area of study. Next, 15 points were
randomly selected in the plane of the x and y axes, representing the possible monitoring wells. A binary variable
was created that took the value 1 if the point belonged to the
sphere and zero otherwise. This enabled simulation of what
happens in practice in drilling studies. For realization of the
block Kriging, the block support was initially set at 10 x 10
x 10 m3. In this case, the area of study (100 x 100 x 100 m3)
was divided into 1,000 regular sub-blocks. The variogram
model used to calculate the Kriging should be set to whatever the sample is (Taylor et al., 2001). The results enabled
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estimation of the volume, based on Eq. 9 and the absolute
relative error given by:
e=

V$ - V

(11)

V

where V$ is the estimated volume and V is the actual volume
of the sphere, such as V = 43 pr 3 . Since the radius, r, of the
sphere is 30 m, V » 113097.3 m3. Volumes were estimated
3
considering blocks with support of 5 x 5 x 5 m and block
3
supports of 2.5 x 2.5 x 2.5 m . The above procedures were
repeated 2000 times and the average of the errors calculated. Then, volumes for random samples of 30, 60, and 120
wells were estimated. Thus, the influence of the size of the
support and the number of samples in the volume estimates
could be evaluated using geostatistical techniques. The results are shown in Table 1 and Fig. 3.
The results of the sample simulations indicate that
block Kriging can provide satisfactory results for estimated
volumes. The results show that the accuracy of the estimate
increases when the number of samples is increased. Decreased values of errors can be related to the kriging
smoothing effect that is increased when the block support
becomes smaller.

Table 1 - Mean absolute relative errors (m3).
Number of wells

The results of the particle size analysis for the samples collected in the monitoring wells revealed the existence of five classes of materials: sand, clayey sand, silty
sand, silty clayey sand, and sandy clay. These materials
form the Barreiras unconfined aquifer and match the geological model shown in Fig. 2. The distribution of the five
lithologies in 3D space is shown in Fig. 4.
To calculate the semivariogram indicators of each lithology, certain considerations were necessary, such as the
scale of difference between the axes. In this case, it is
known that the maximum distance between sampling
points on the axes UTM-N(x) and UTM-E(y) was approximately 1014 and 1110 m, respectively, whereas for the axis
of coordinates (z) the distance was 30 m. Therefore, the parameters used for calculating the semivariogram had to be
different to the axis of coordinates in relation to UTM-N
and UTM-E. In this case, the values of the x and y axes were
divided by 100. Table 2 shows the parameters used in calculating the semivariogram indicators of all lithologies, by
direction.
Figure 5 shows the graphs of the experimental semivariogram indicators and adjusted models for each of the
lithologies found in the study area. Because the amount of
boreholes was relatively low, it was not possible to perform
analysis of the anisotropy in the study area. Besides the adTable 2 - Parameters used to calculate the experimental semivariogram.

Support
10 x 10 x 10

5x5x5

2.5 x 2.5 x 2.5

Direction

15

0.24448

0.23863

0.23448

UTM-N

15

0.60

0.3

30

0.15398

0.14710

0.14149

UTM-E

15

0.60

0.3

Elevation (z)

15

0.60

0.3

60

0.09549

0.08650

0.08073

120

0.05727

0.05066

0.04560

Figure 3 - Mean of the relative absolute error in relation to the
number of wells sampled by support blocks.
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Number of steps

Steps (m)

Tolerance (m)

Figure 4 - 3D view of the results obtained from the drilling sampling.
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Figure 6 - Contour map of estimated surface area under study.

Figure 5 - Experimental variograms and models adjusted for (a)
sand, (b) clayey sand, (c) silty sand, (d) silty clayey sand, and (e)
sandy clay.

vantage that Kriging does not require a normality of variables assumption, the semivariogram usually presents
simpler structures and is easy to model. The maximum
ranges varied from about 3.5 to 4.5 m, except with respect
to the lithology classified as silty clayey sand, which presented a range of around 8.6 m.
There are several methods for supporting the setting
of a block model. Based on the results of the simulation, in
order to improve the mapping and estimate the volume of
lithologies, the largest possible number of blocks was used,
with limitations on computational resources observed.
Thus, the support adopted in Kriging interpolation of
blocks was 4 x 4 x 1 m, totaling 2 410 260 blocks (Table 3),
following the criteria shown in Table 1.
Due to the small number of sampling points (15 sampling points with information on the maximum elevation of
boreholes), the study area estimate of the surface was obtained via interpolation using the method of IDW (Fig. 6).
Thus, it was possible to remove from the interpolating mesh
the blocks located above the estimate’s surface. Following
removal of these blocks, 1 395 865 blocks remained.
For easy viewing, the results of the block Kriging in
the study area were presented in two different perspectives.
Fig. 7 shows a map of the distribution of lithologies in the

Figure 7 - Map of the distribution of lithologies in the outer region
of the study area at NE (above) and SW (below) perspectives.

outer region of the study area, and Fig. 8 the distribution
map of lithologies in the inner region, with a “slice” removed. Table 4 shows the estimated volumes for each lithology. A study by Araújo (2011) showed that in the
lithological profiles of piezometer wells, the vadose zone
consists primarily of sandy-clay material.

Table 3 - Parameters used for determining the support blocks.
Direction

Minimum (m)

Maximum (m)

Blocks distance (m)

Steps

UTM-E

255102

256214

4

278

UTM-N

9797302

9798318

4

255

Elevation

56

90

1

34
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clayey sand, with 61.8% of the volume of the region, which
3
equates to about 13795264 m . Finally, the sand represents
approximately 6.1% of the total, with an estimated volume
3
of 2916384 m (Table 4).

5. Conclusions

Figure 8 - Map of the distribution of lithologies in the inner region
of the study area at NE (above) and SW (below) perspectives.

The vadose (or unsaturated) zone is the part of the
ground that is partially filled with water. It can be seen from
Figs. 7 and 8 that the soil classified as sandy clay may be related to unconfined aquifers shown in the model of the hydrological profile presented in Fig. 2. These results
coincide with and reinforce the potentiometric analysis of
headwaters of the watershed of the Capitão Pocinho river
conducted by Araújo (2011). This sandy-clay material totals around 2.7% of the study area, with a volume of approximately 596240 m3 (Table 4).
The materials classified as silty clayey sand and silty
sand seem to predominate in the saturated zone, at about
14.3% and 8.2%, respectively. In this case, the volume estimated for each lithology was around 3189280 m3 and
3
1836672 m , respectively. The highest prevalence was

Table 4 - Results of the volumetric estimate of lithology.
Material

Number
of blocks

Volume
3
(m )

Proportion
(%)

Sand

182 274

2 916 384

13.1

Clayey sand

862 204

13 795 264

61.8

Silty sand

114 792

1 836 672

8.2

Silty clayey sand

199 330

3 189 280

14.3

Sandy clay

37 265

596 240

2.7
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The use of 3D models as an additional instrument in
environmental studies has had little application to date,
probably due to the degree of complexity that comes with
these models. However, the current study has shown how
use of these models can enrich environmental assessments,
and make them more accurate and attractive. An example
of this would be the study of groundwater resources management, in which estimates of volumes of soil and aquifer
material can improve the accuracy of calculations of the
vulnerability index, since the potential for groundwater
contamination is directly related to the compounds’ physical and chemical characteristics, as well as the specific environmental characteristics of the type of soil, vadose zone
material, aquifer material, and so on.
The 3D knowledge of the geological characteristics
that conduct aquifer groundwater can contribute substantially to understanding of the variation of hydraulic parameters in complex media. One of the difficulties that will
need to be overcome is the use of 3D geostatistical techniques in groundwater regions that involve some oscillation in the static level in monitoring wells at certain times of
the year. A suggested alternative is joint space–time analysis, where the seasonality of the rainy periods could be included in the model. The number of wells compared to the
scope of the study area is a limiting factor in the current
study. Future research should use larger amounts of information, which would make possible extremely concise
variogram analysis, including anisotropy verification, and
thus lithological mapping and more accurate volumetric estimates.
Obviously, lithological mapping by itself may not definitively contribute to solving certain environmental issues; however, when combined with other variables, as
indicated in the literature, important conclusions can be
reached with respect to environmental issues. Therefore,
after analyzing the results of the current study, it is also recommended that future researchers verify other techniques
developed in the framework of geostatistics, such as indicator simulation and co-Kriging, correlating the types of
lithologies with the incidence of environmentally harmful
substances, and especially underground aquifers.
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List of Symbols
DRASTIC: Depth to water, net Recharge, Aquifer media,
Soil media, Topography, Impact of the vadose zone, and
hydraulic Conductivity of the aquifer.
GOD: Groundwater occurrence, Overall lithology of aquifer or aquitard and Depth to groundwater table.
IDW: Inverse Distance Weighting
SINTACS: groundwater table depth from Surface, actual
Infiltration, self-depuration effect uNsaturated zone, overburden Type, hydrogeological characteristics of the
Aquifer, hydraulic Conductivity and topographical Surface
slope.
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